Abstract. We study the dimension of the space of Whittaker functionals for depth zero representations of covering groups. In particular, we determine such dimensions for arbitrary BrylinskiDeligne coverings of the general linear group. The results in the paper are motivated by and compatible with the work of Howard and the second author, and earlier work by Blondel.
Introduction
Let F be a nonarchimedean local field, and G a quasisplit reductive group over F . For an irreducible admissible representation π of G := G(F ), the uniqueness of Whittaker functionals of π is a powerful tool for understanding the representation. On the arithmetic side, existence (i.e., genericity) and uniqueness of Whittaker functionals enable the theory Langlands-Shahidi L-functions (see [Sha10] ). In the Langlands correspondence, generic representations serve as markers within tempered L-packets, by a conjecture of Shahidi, elucidating the fine structure of the Langlands parameterization.
For nonlinear covering groups of G, the dimension of the space Whittaker functionals is more delicate as uniqueness often fails (the dimension is often greater than one). This has been the primary obstacle to extending Langlands-Shahidi L-functions to covering groups in [Gao16b] . In a previous work, the first author [Gao16a] investigated genericity for some unramified theta representations of covering groups. The existence of Whittaker functionals depends on structural and arithmetic data associated to the theta representation.
The majority of earlier work has focused on the case of principal series and theta representations. Here, motivated by [HW09] and [Blo92] , we consider depth zero supercuspidal representations of a covering groupG in the framework of Brylinski-Deligne [BD01] . We expect that, as in the work of DeBacker and Reeder [DR09] for linear groups, the depth zero representations for covering groups become a fruitful test case for the local Langlands conjectures, in which the fine structure of L-packets can be studied in detail. Now we give an outline and state the main results of the paper.
Outline. In §1, we describe the class of covering groups under consideration. By working with covering groups over O, i.e., unramified covering groups, we obtain a group G = G(F ) equipped with a hyperspecial maximal compact subgroup G • = G(O) ⊂ G, a central extension µ n ֒→G ։ G, and a splitting G • ֒→G. On the other hand, the extensionG does not come with a canonical splitting over other parahoric subgroups. Theorem 1.2 describes the resulting extensions µ n ֒→G x ։ G x for all parahorics, in terms of the root data of a "residual extension". Such results were given in the earlier work of the second author [Wei11], but here we hope the proof is cleaner.
In §2, we turn our attention to the genuine irreducible representations ofG, and their ψ-Whittaker functionals. We focus quickly on the depth zero supercuspidal representations. These provide an excellent family of test cases, and if one believes that the work of J.K. Yu [Yu01] and Ju Lee Kim [Kim07] extends to covering groups, then the depth zero supercuspidal representations play a role in all representations (for p sufficiently large).
After [HW09] , the work of Moy-Prasad [MP94] , [MP96] , and Morris [Mor99] extends to covering groups: every genuine depth zero supercuspidal irrep π ofG arises, via extension and induction, from a cuspidal representation ρ of a finite reductive group.
Based on this, Theorem 2.11 relates the space of ψ-Whittaker functionals on π to a corresponding space of Whittaker functionals for ρ. The methods here are very similar to those of Blondel [Blo92] , who pursued similar goals. While for linear groups, the method of Gelfand and Kazhdan [GK75] (see also [Rod73] ) gives uniqueness of Whittaker models, their method does not adapt easily to general covering groups. As a replacement, we bootstrap the uniqueness of Whittaker models for groups over finite fields, using the fact that nonlinear covers of parahoric subgroups are related to linear groups over finite fields (the idea of [BD01, Construction 12.11]).
The remainder of §2 refines estimates for the space of ψ-Whittaker functionals on π, relating its dimension to the index of sublattices within Y W ⋊Fr of Weyl-and Frobenius-invariant cocharacters of a maximal torus in G. The sharp result is Theorem 2.14, that dim Wh ψ (π) = [Y W ⋊Fr : Y x,ρ ] and the rest of the section describes the lattice Y x,ρ . An easy consequence is the uniqueness of Whittaker models, dim Wh ψ (π) = 1 when G is semisimple, and π is a genuine, depth zero, generic, supercuspidal irrep ofG. Such a result, for covers of SL n , was obtained in a different fashion in the PhD thesis of Stephen Devlin [Dev] .
The depth zero supercuspidal representations ofG arise from cuspidal representations of a finite reductive groupḠ ′ (F q ). These are the subject of the work of Deligne and Lusztig in [DL76] (and earlier work of Green [Gre55] for the general linear group). In the generic case (at least for groups with connected center), such cuspidal representations ofḠ ′ (F q ) arise from characters of minisotropic tori, in general position. In §3, we review the construction of Deligne-Lusztig representations, and relate the lattice Y x,ρ to the Deligne-Lusztig data ( wT ′ , θ ′ ) (a minisotropic torus and character). In [DL76] , Deligne and Lusztig parameterize such data by semisimple conjugacy classes in a dual group; this has been rephrased (with fewer choices) in terms of a complex dual group by Lusztig in [Lus09] , and this seems more relevant for the local Langlands correspondence, especially after DeBacker and Reeder [DR09] . In this spirit, we provide a description of Y x,ρ in terms of the Lusztig parameter, in Proposition 3.4. In this way, we effectively describe the dimension dim Wh ψ (π) in terms of the Lusztig parameter of the cuspidal representation used to construct π.
Finally, in §4, we apply these results to all covers of GL r . Some of these covers have been studied by Kazhdan and Patterson in [KP84] , but the class of Brylinski-Deligne covers is broader. By passing through the Lusztig parameters as above, we describe the dimensions dim Wh ψ (π) for π a genuine, generic, depth zero, supercuspidal irrep of a cover of GL r . This recovers results of [Blo92] in the case of Kazhdan-Patterson coverings -indeed the basic methods are not so different from [Blo92] . But by passing through Lusztig parameters, some computations are made simpler and generalize easily. As Lusztig parameters should be connected to a local Langlands parameterization for covering groups, this suggests that the mysterious dimensions dim Wh ψ (π) are predictable from the Langlands parameter.
We remark that for linear algebraic groups, the dimension of certain degenerate Whittaker functionals is obtained by Moeglin-Waldspurger [MgW87] , in terms of the Harish-Chandra-Howe local character expansion. For covering groups, W.-W. Li [Li12] has shown that the character expansion holds, and furthermore the results in [MgW87] are extended to covering groups in [Pat15] . Therefore, it would be interesting to compute explicitly the local character expansion of the depth zero supercuspidal representation in our paper and compare the results.
As it is precarious (and sometimes incorrect) to claim that results for linear algebraic groups extend to covering groups evidently, or even from one class of covering groups to another, we provide details whenever possible. Only if the argument involves simple cosmetic change from existing ones in the literature, we omit details and are content with giving the reference or outline of the proof. An example is the "heredity theorem" of Rodier [Rod73] , extended to Kazhdan-Patterson covering groups by Banks [Ban98] , which extends with only cosmetic changes to Brylinski-Deligne covering groups. See §2.3 for details.
This paper does not introduce significant new tools in representation theory. But by working in a very general setting of covering groups, and by connecting Whittaker models to Lusztig parameters, the dimensions dim Wh ψ (π) should be easier to compute. In particular, one can easily predict the uniqueness of Whittaker models, when it occurs. Eventually we expect the results here to shed light on L-packets for coverings of reductive groups over local fields.
Structure theory
We begin by recalling the structure theory of unramified covering groups from [Wei16a]. Let F be a nonarchimedean local field, with ring of integers O and residue field F q of order q. Write ̟ for a uniformizer of F , and val : F → Z a discrete valuation such that val(̟) = 1. 1.1. The unramified group. Let G be a reductive group over O, i.e., a smooth group scheme over O with connected reductive geometric fibres. Then G = G F is quasisplit and splits over
for any O-scheme X. DefineḠ =Ḡ Fq , the special fibre of G. As a variety over a field, we adopt the classical perspective and also writeḠ for its set ofF q -points: G =Ḡ(F q ). We writeḠ =Ḡ(F q ) =Ḡ Fr for the F q -points. Similarly for any (smooth) scheme X over O, we writē
Let S be a maximal split torus in G over O, let T be its centralizer, a maximal torus in G defined over O. Let B be a Borel subgroup of G defined over O and containing T, and let U be the unipotent radical of B. Let N be the normalizer of T in G.
Let (X, Φ, ∆, Y, Φ ∨ , ∆ ∨ ) be the based root datum of G with respect to B and T. Here X and Y are the character and cocharacter lattices of T, Φ and Φ ∨ are the sets of (absolute) roots and coroots, and ∆ and ∆ ∨ the simple roots and simple coroots with respect to the choice of Borel subgroup B. Define Y sc ⊂ Y be the sublattice generated by Φ ∨ . The root datum is endowed with an action of Fr.
If α ∈ Φ, we write U α for the corresponding root subgroup of (G) O unr . Thus U α is a group scheme over O unr , isomorphic to the additive group scheme G a . For any root α ∈ Φ, it is possible to choose a pair of isomorphisms (over O unr )
such that the following is a map of schemes n α :
When the e α , e −α are so chosen, we also define
It turns out that h α is a homomorphism of group schemes over O unr ; it is precisely the coroot α ∨ .
1.2. The full tame extension. Let G ′ be a central extension of G by K 2 , in the category of sheaves of groups on O Zar . Such extensions are the focus of the work of Brylinski-Deligne [BD01] , who carried out a classification when working over a base field; over O Zar , the classification of [BD01] has been adapted in [Wei16a] . Extending scalars from O to F , we have a central extension of sheaves of groups on F Zar ,
The extension G ′ is classified by three invariants, denoted (Q, D, f ). The first is a Fr-and Weyl-invariant quadratic form Q : Y → Z. Let B Q : Y ⊗ Y → Z be the associated bilinear form,
Taking F -points of (1) yields a central extension
The tame (residue) symbol in K-theory gives a surjective homomorphism,
Here pr : O → F q is the reduction map. Pushing out the extension via ∂ yields what we call the full tame extension
Since the extension G ′ is defined over O, this extension comes with a canonical splitting over G • . Write ι • for this canonical splitting, ι : G • ֒→ G ′ . We describe ι • further in a subsequent section. This construction behaves well for unramified extensions; the extension F × q ֒→ G ′ ։ G arises also as the Fr-fixed points of the extension obtained from taking F unr -points of (1) and applying the tame symbol there,
This extension comes with a canonical splitting over
1.3. Parahoric subgroups. Let B unr denote the reduced building of G F unr , i.e., the building of the adjoint quotient of G over F unr . Let A unr be the apartment in B unr corresponding to the maximal torus T (which splits over F unr ). Let B be the building of G over F , naturally identified with the fixed points (B unr ) Fr ; the apartment A ⊂ B associated to the maximal F -split torus S can be identified with (A unr ) Fr . If x ∈ B, then we write G x for the corresponding parahoric subgroup of G and G + x for its pro-unipotent radical. Bruhat and Tits give a canonical smooth group scheme G x over O, for which G x (O) = G x . We follow the convention for parahorics in which the special fibreḠ x = (G x ) Fq is a connected affine algebraic group.
We write • for the base point in A at which
Fr . If x ∈ A, then we have inclusions of group schemes over O,
In this case, writeM x for the unique standard Levi component ofḠ
The root datum ofM x with respect toT can be described as follows: let Φ x be the set of roots α ∈ Φ such that α(x) is an integer (viewing x ∈ Y ⊗ Z R); let Φ 
1.4. Covers of parahorics. Here we consider a point x ∈ A, the parahoric subgroup G x , and the full tame extension restricted to G x , (3)
Recall that G x is a smooth group scheme over O with special fibreḠ x and general fibre G. In such a context, [BD01, Construction 12.11] gives a functor,
Applied to K 2 ֒→ G ′ ։ G, this functor gives a central extension of affine algebraic groups over F q ,
Such an extension splits uniquely over the unipotent radicalŪ x ofḠ x . Thus it arises as the pullback of a central extension of the standard
We say thatM ′ x is the residual extension at x. Taking F q -points yields a central extension,
The results of [BD01, §12.8-12.2] connect the residual extension (4) to the cover of the parahoric in (3). The full tame extension of the parahoric is the pullback of the residual extension, by the projection map
Thus to know the extension G 
Proof. At the hyperspecial base point •, we find the pair ( 
′ , we have to work a bit harder. Given α ∈ Φ x , choose e α , e −α as before. Noting that the formula in the theorem is Fr-invariant, we may prove the result by passing to an unramified extension of O over which G is split. Thus we assume without loss of generality that G is split over O, and thus e α , e −α are defined over O in what follows.
The central extension K 2 ֒→ G ′ ։ G splits uniquely over every unipotent subgroup. Splitting over the root subgroups U α , we find canonical lifts of e α , e −α ,
Define lifts n ′ α and h ′ α analogously to n α , h α , by replacing e α by e ′ α and e −α by e ′ −α wherever they occur. In the full tame extension, we find maps e 
The residual extension splits uniquely when pulled back toM sc x , and so it must be compatible withē ′ x,α on root subgroups (identifying root subgroups ofM sc x with those ofM x ). It follows that h
Explicitly, using the general identity n
by (7),
.
Corollary 1.3. If G has simply-connected derived subgroup, then at every point x in the building, the residual extensionM ′ x has simplyconnected derived subgroup.
Proof. The coroot lattice forM ′ x is the lattice Λ x spanned by the set
Since G has simply-connected derived subgroup,M x has simply-connected derived subgroup, so Y /Y x . Also, note that ι x (ky) = (ky, ku) for some u ∈ Z. Since ky ′ ∈ Λ x and ι x (y) ∈ Λ x , we find that the difference,
But this implies kt − ku = 0, so t = u, and y ′ = ι x (y) ∈ Λ x . We have proven that ky ′ ∈ Λ x implies y ′ ∈ Λ x , so Λ x is saturated. Thus the derived subgroup ofM ′ x is simply-connected.
Generic genuine representations
Recall that S is a maximal split torus in G over O, and T is its centralizer. In particular, T splits over an unramified extension of F , and its cocharacter lattice Y becomes a Z[Fr]-module. B = TU is a Borel subgroup of G, defined over O. Fix a central extension
follows. Write µ n for the group of n th roots of unity in F × . As in [Wei16c] , we assume n divides q −1. We identify µ n with the group of n th roots of unity in F × q when convenient (via the Teichmüller lift). The full tame extension is a central extension,
In what follows, we study only smooth representations ofG (a locally compact, totally disconnected group) on complex vector spaces. Fix an injective character ǫ : µ n ֒→ C × throughout. IfH is a subgroup ofG containing µ n , a representation ofH is called genuine if the central µ n acts by the character ǫ. We begin by recalling the genuine representation theory of covers of tori.
2.1. Covers of tori. The pullback ofG gives a cover of T , which is a group of Heisenberg type,
While T = T(F ) is an abelian group, the extension µ n ֒→T ։ T is often nonabelian. (In the classical caseG = Mp 2n (F ), the extensionT is abelian, which explains many of the similarities between the metaplectic group and linear groups.) Its center Z(T ) has finite index iñ T , and has been characterized in [Wei09] and [Wei16b] . As a group of Heisenberg type, the irreducible genuine representations ofT are in bijection with the genuine characters of its center (by taking central character).
In characterizing the center, a special role is played by the sublattice
By [Wei16b, Corollary 3.4], every irreducible genuine representation ofT has the same (finite) dimension Zind(T ), and
We call the positive integer Zind(T ) the central index ofT .
Whittaker functionals.
Since central extensions of reductive groups by K 2 split uniquely over unipotent subgroups, we may view U as a subgroup ofG, andB =T ⋉ U. The conjugation action ofT on U factors through T . By this conjugation action,T or T acts on the space of characters ψ : U → C × ; define t ψ(u) = ψ(t −1 ut). We follow Casselman and Shalika [CS80, §3] to decompose characters ψ : U → C × along root subgroups. Let Φ rel be the set of relative roots, i.e., roots for the adjoint action of the maximal split torus S on the Lie algebra g of G. For any relative root β ∈ Φ rel , one may define a root subgroup U β , defined over F (in fact, over O). It is a unipotent group, whose Lie algebra is g β ⊕ g 2β (the latter occurring if and only if 2β ∈ Φ rel ).
Let S β be the neutral component of the kernel of β, and let G β be the derived subgroup of the centralizer of S β in G. Then G β is a semisimple unramified group of F -rank 1, containing the root subgroups U ±β . Depending on whether 2β ∈ Φ rel or 2β ∈ Φ rel , there is an isogeny
unr is a finite unramified extension of F , and the groups above denote the restriction of scalars from F β down to F of a quasisplit unramified unitary group SU 3 or SL 2 , respectively.
Write E β for the quadratic unramified extension of F β in F unr if 2β ∈ Φ rel , or write E β = F β otherwise. With this notation, the isogeny f β determines an isomorphism in both cases,
Such isomorphisms are not determined "on the nose" by our original data G, B, T. 
In this way, every character ψ : U → C × can be uniquely decomposed: Definition 2.2. The conductor of a generic character ψ : U → C × is the family of integers {cond β (ψ) : β ∈ ∆ rel }, where
For what follows, it is helpful to know how the adjoint action of T affects the conductor of a generic character. Note that since G is quasisplit, and splits over F unr , the set of relative simple roots ∆ rel can be identified with the set of Fr-orbits on ∆. The identification is given simply by restricting a character of T to one of S. Proposition 2.3. If t ∈ T , and α ∈ ∆ is a simple absolute root restricting to the simple relative root β ∈ ∆ rel , then
Here we view α(t) ∈ (F unr ) × , since G splits over F unr .
Proof. Extending scalars to F unr , the relative root space decomposes as a direct sum of absolute root spaces
where {α 1 , . . . , α ℓ } is the set of absolute roots restricting to β, and g α i is a F unr -subspace of g ⊗ F F unr . It follows that Ad(t) acts on g β ⊗ F F unr by scaling each summand by α i (t). Since t ∈ T = T(F unr ) Fr , and the set {α 1 , . . . , α ℓ } forms a single Fr-orbit, the integer val(α i (t)) is independent of i. The proposition follows, since the Lie algebra u β /u 2β can be identified with g β .
Corollary 2.4. Suppose that t ∈ T , and ψ is a generic character of U.
Proof. By the previous proposition, cond β ( t ψ) = cond β (ψ) for all β ∈ ∆ rel if and only if val(α(t)) = 0 for all α ∈ ∆. This condition is equivalent to the condition that t ∈ Z(G) · T • .
Definition 2.5. Let (π, V ) be a genuine irrep ofG, and ψ a generic character of
We call π generic if it is generic for some ψ.
Write Z = Z(G) andZ for the preimage of Z inG. The groupZ is not necessarily abelian, and must not be confused with Z(G). Since unipotent groups split canonically in covers, we find that if z ∈z and u ∈ U, then zuz −1 = u. Hence the space Wh ψ (π) is naturally a genuine representation ofZ.
2.3. Heredity. Rodier's heredity theorem (cf. [Rod73] ) for Whittaker functionals of linear algebraic groups holds for Brylinski-Deligne covering groups. For Kazhdan-Patterson covering groups, a proof with details is given by W. Banks [Ban98] . Here we state the result for our class of covering groups.
Theorem 2.6. Let P = MN be a standard F -parabolic subgroup of G. Let π M be an admissible genuine representation ofM . Inflate π M toP , and let π G be the representation IndG P π M obtained by normalized parabolic induction.
Let ψ be a generic character of U. Let w 0 be the longest element in the (relative) Weyl group, and let ψ M be the associated generic character of U M = w 0 Uw
We do not provide a proof here, since complete details are given in [Ban98] . His proof adapts almost without change -the essential ingredients are the Bruhat decomposition and the canonical splitting of covers over unipotent elements. These ingredients carry over to our setting.
Since all depth zero representations arise from depth zero supercuspidal representations via parabolic induction, we limit our attention to supercuspidal representations in what follows.
2.4. Depth zero supercuspidal representations. We are interested in the ǫ-genuine representations ofG, where ǫ : µ n ֒→ C × is a fixed injective character. But since it is equivalent, and a bit more convenient, we consider representations of the full tame extension
We call these genuine (or ǫ ′ -genuine) representations of G ′ . Let x be a point in the building B. From (5), we note that the extension µ n ֒→ G
It follows that at any point x ∈ B, the extension G ′ splits canonically over G . Some of their results were extended to covering groups by T. Howard and the second author in [HW09] . In the supercuspidal case, the depth zero representations are particularly easy to describe.
Consider a vertex x ∈ B; the groupM
is a finite group of Lie type, and fits into a central extension of such groups, For such a datum, let π x,τ := cind
, the space of the representation π x,τ is given by
, and similarly T x = T ∩ N x . Note that N x is the normalizer of the parahoric G x , and T ∩ G x = T • , the maximal compact subgroup of T . As N x is the stabilizer of the image of x in the reduced building of G, and T acts on the reduced apartment through a faithful action of T ad,• \T ad (the torus in the adjoint quotient, modulo its maximal compact subgroup), we find that
Here Z = Z(G) denotes the center of G, and Z ′ denotes its preimage in G ′ , which may not be commutative. If Y ad denotes the cocharacter lattice of T ad , then we find an inclusion,
Given (τ, V τ ) ∈ R(N ′ x , ρ) as before, and f ∈ cind
Restricting to T ′ , the function η f : T ′ → V τ satisfies two identities:
Motivated by this, define E(τ, ψ) to be the space of all smooth, compactly supported functions η : T ′ → V τ satisfying (E1) and (E2) above. Then the map f → η f defines a linear map,
By the well-known characterization of the twisted Jacquet module, this factors through an injective linear map,
In fact, adapting a proposition of Blondel ([Blo92, Proposition 2]), we have Proposition 2.8. This is an isomorphism, I : (π x,τ ) U,ψ
Proof. Our proof here is the same as [Blo92] , included for completeness. It remains to show that I is surjective. For this, we decompose E(τ, ψ) according to the cosets of
We have a direct sum decomposition,
Suppose 0 = η ∈ E y (τ, ψ), choose a ′ ∈ T ′ such that val(a ′ ) = y, and define a function f :
τ , and the computation below demonstrates that η f is a nonzero multiple of η.
In the last line, δ(t) denotes the modular character for the action of t on U. We have
Since η f is a nonzero multiple of η, the map I is surjective.
by condition (E2). In particular, the multiplicity dim Hom U ∩G ′ x ( t ψ, τ ) depends only upon y, and we write m y (ψ, τ ) for this multiplicity. 2.6. Uniqueness of support. The formula of Corollary 2.9 relates the space of Whittaker models for π x,τ to a family of spaces of (U x , t ψ)-invariant functionals for the representation τ of N ′ x , as t varies. Here we write U x = U ∩ G x ; since covers split over unipotent subgroups, we identify U x with U ∩ G ′ x . As y = val(t ′ ) varies, the character t ψ can become "too trivial" or "too nontrivial" for τ to support such a functional. Here we prove that there is at most one value of y for which τ has such an invariant functional.
For this, we review the structure of root subgroups and filtrations of U x . Recall that G x arises as the group of O-points of the BruhatTits group scheme G x over O, with connected special fibreM x . The subgroup G + x ⊂ G x is identified with the kernel of reduction, G
. Recall that Φ x is the set of roots α for which α(x) ∈ Z; these are identified with the absolute roots ofM x with respect toT. AsM x is also quasisplit, the relative roots ofM x with respect toS correspond to Fr-orbits on Φ x . In this way, we identify the relative roots ofM x with a subset Φ x,rel ⊂ Φ rel .
To describe the relative simple roots ofM x , we proceed as follows: the Borel subgroup B over O determines an Iwahori subgroup J ⊂ G, consisting of those elements of G • whose reduction lies inB. This corresponds to a chamber in the building of G. Since G acts transitively on the chambers of B, one can assume that x lies in the closure of the chamber corresponding to J. The chamber determines a set of simple affine roots∆ rel . The relative simple roots ofM x can be identified with a subset ∆ x,rel of the gradients of the affine simple roots∆ rel -those whose affine root hyperplanes vanish at x. Details can be found in the exposition of Tits [Tit79, §1.9].
Recall that the hyperspecial point • determined filtrations on root subgroups. Namely, if β ∈ Φ rel , we found a valuation val : U β /U 2β → Z ∪ {∞}, and val(u) ≥ 0 if and only if u has a representative in U β ∩ G • .
If β ∈ Φ x,rel , then an element u ∈ U β /U 2β can be represented by an element of U β ∩ G x if and only if val(u) ≥ β(x). The subgroup G First, we exploit the cuspidality of ρ. LetP β =L βRβ be the maximal parabolic subgroup corresponding to the subset ∆ x,rel − {β} of simple relative roots. Given ψ : U → C × , we find that ψ is trivial on [U, U]. If ψ were also trivial on U β ∩ G x , then ψ would restrict to a trivial character on the unipotent radicalR β . Since ρ is cuspidal, and thus τ restricted back toḠ ′ x is cuspidal, we find that τ has no nontrivial coinvariants forR β . Therefore, ψ is nontrivial on U β ∩ G x .
We claim that ∆ rel = ∆ x,rel . For they have the same cardinality (since x is a vertex) and can both be viewed as subsets of∆ rel . If ∆ rel = ∆ x,rel , there would be a β ∈ ∆ x,rel contained in Φ + but not in ∆ (a gradient of a simple affine root which is not a simple root). But ψ is trivial on [U, U] and hence on U β for such a β, a contradiction.
Thus ∆ x,rel = ∆, and for every simple root β ∈ ∆ rel , there exists an integer k β such that β(x) = k β . There exists an element t ∈ T ad such that val α(t) = k β for every absolute root α restricting to β (the coroot lattice equals the coweight lattice in the adjoint group G ad ). It follows that t translates • to x -the elements of T ad , as F -rational automorphisms of G, act on the building of G, and therefore x is hyperspecial. More detail can be found in the proof of [DR09, Lemma 6.1.2], upon which this argument is based.
We have proven that x is hyperspecial. Moreover, the nontriviality of ψ on U β ∩ G x now implies that cond β (ψ) ≥ β(x) + 1 for all β ∈ ∆ x,rel = ∆ rel .
To bound the conductor in the other direction, we note that ρ arises by pulling back a representation ofM
This condition implies that if β ∈ ∆ x,rel = ∆ rel , then ψ is trivial on U β ∩ G + x , and thus ψ β is trivial on all elements u ∈ U β /U 2β for which val(u) ≥ β(x) + 1. We find that cond β (ψ) ≤ β(x) + 1 for all β ∈ ∆ x,rel . Theorem 2.11. Suppose that π x,τ is a genuine depth zero supercuspidal irrep of G ′ . If π x,τ is generic, then x is hyperspecial, and there exists a unique y ∈ Y Fr ad such that dim Wh ψ (π x,τ ) = m y (ψ, τ ).
Proof. Corollary 2.9 implies that if π x,τ is generic, then m y (ψ, τ ) is nonzero for some y; thus Hom Ux ( t ψ, τ ) = 0 for some t ′ ∈ T ′ . Therefore x is hyperspecial by the previous lemma.
To complete the proof, it suffices to show that m y (ψ, τ ) = 0 for at most one value of y. To see this, we have
for every t ′ ∈ T ′ , every relative root β, and every absolute root α restricting to β. 
′ denotes the preimage of A in G ′ as usual. One can go even a bit further -the cocharacter lattice of A is naturally identified with Y W ⋊Fr , and A/A • can thus be identified with this lattice. Here W ⋊ Fr denotes the group of automorphisms of Y generated by the absolute Weyl group W and the Frobenius automorphism. Concretely, if ̟ is a uniformizer, then every element of N x can be written as y(̟) · k for some y ∈ Y W ⋊Fr and k ∈ G x . This gives an isomorphism,
The following is a consequence of Clifford theory. 
In particular, Y x,ρ is a finite-rank free abelian group. The obstruction to extending ρ to a representation of N ′ x,ρ is a cohomology class in
, which vanishes since Y x,ρ is free. Thus ρ extends, and the rest is standard Clifford theory.
The following diagram summarizes the groups and representations.
pull back extend induce compactly induce 2.8. Bounding the dimension. For linear groups, the method of Gelfand-Kazhdan [GK75] yields uniqueness of Whittaker models for all quasisplit groups -see [Rod72] , [Sha74] . For covering groups, the method of Gelfand-Kazhdan seems difficult to adapt (at least, whenT is nonabelian). But for depth zero representations, one can start from uniqueness of Whittaker models for finite reductive groups, and deduce a multiplicity bound for Whittaker models forG. If x is a hyperspecial point, writeŪ x for the unipotent radical of the Borel subgroupB x ⊂M x , associated to our previous choice of chamber. Ifψ :Ū x → C × is a character, then as we found for groups over F , we may decomposeψ as a product of characters,
We say thatψ is generic ifψ β is nontrivial for every β ∈ ∆ x,rel . If ρ is an irreducible representation ofM ′ x , andψ is a generic character, then we write Whψ(ρ) for the space HomŪ x (ρ,ψ) of Whittaker models. By Frobenius reciprocity, its dimension equals the multiplicity of ρ in the Gelfand-Graev representation IndM From this, we find a formula for the dimension of the space of Whittaker models for genuine depth zero supercuspidals.
Theorem 2.14. Let π x,τ be a genuine, depth zero supercuspidal irrep of G ′ . If π x,τ is ψ-generic, then x is hyperspecial and
Proof. By Theorem 2.11, we know that x is hyperspecial and
ad . Defineψ to be the character ofŪ x obtained by restricting t ψ to U x ; as x is hyperspecial, ∆ rel = ∆ rel,x and we find thatψ is generic.
Recall furthermore that τ is an irrep of N ′ x , and τ ∼ = Ind
ρ e , and Res
Thus we have (13) Res
Since x is hyperspecial, the normalizer N x = Z · G x . As the representations ρ i form a single N ′ x -orbit, and
is not necessarily central in G, elements z ′ ∈ Z ′ act trivially by conjugation on U. This follows from the canonical -and thus conjugation-invariant -splitting of U in G ′ . Therefore, dim Whψ(ρ i ) = dim Whψ(ρ), for all 1 ≤ i ≤ ℓ.
From (13), it follows that
The last inequality follows from the uniqueness of Whittaker models for the finite reductive groupM 
, then χ a is a homomorphism, and the map a → χ a defines a homomorphism,
Proof. In a general group, we have the commutator identities,
In our setting, we have [a
. The result follows.
The homomorphisms Hom(M x ,Ḡ m ) (in the category of algebraic groups over F q ), can be identified with Hom Z [Fr] (Y /Y sc , Z), since x is hyperspecial. The identification can be made as follows: ifχ :M x → G m is a homomorphism, and y ∈ Y , then there is a unique integer κ(y) satisfyingχ (y(z)) = z κ(y) for all z ∈F × q . This κ factors through a homomorphism κ : Y /Y sc → Z, and this is compatible with Fr-action throughout. The mapχ → κ gives the identification.
Forχ ∈ Hom(M x ,Ḡ m ), defineχ :M x → F × q to be the resulting homomorphism on points. Recall that ǫ ′ :
Proof. The previous lemma, and the fact that ρ is ǫ ′ -genuine, guarantee that
where χ a : G x → F × q is the character arising from a = y(̟). So it remains to prove that χ a arises from the characterχ described in this proposition.
The character χ a is trivial on the unipotent subgroups of G x , since splittings of G ′ over unipotent subgroups are canonical, and hence conjugation-invariant. Thus the character χ a is determined by its values on the maximal torusT ⊂ G x . It suffices to work over F unr andF q , since everything in sight is Fr-equivariant. (See [BD01, §12.9-12.12], for example.) If
This agrees with the claim of the proposition.
Corollary 2.17. For y ∈ Y W ⋊Fr , writeχ y :M x → F × q for the character corresponding to κ y . Then
Proof. The main statement follows directly from the previous proposition. The fact that Y x,ρ ⊃ Y W ⋊Fr ∩ Y Q,n follows from the formula in (14). Indeed, if y ∈ Y Q,n , we find that B Q (y, y ′ ) ∈ nZ, and so
As we shall see, this gives a practical method of describing Y x,ρ in some important examples. From this we can compute the index of [Y W ⋊Fr : Y x,ρ ], which equals the dimension of the space of Whittaker functionals. To summarize, Theorem 2.14 and Corollary 2.17 gives us
whenever π x,τ is a ψ-generic representation.
A few easy cases.
In what follows, we maintain the notation from before: π = π x,τ will be a ψ-generic depth zero supercuspidal irrep ofG. We will describe the dimension of the space of Whittaker functionals, dim Wh ψ (π), in a few easy cases. For reference, we recall
Corollary 2.18. If G is semisimple then dim Wh ψ (π) = 1.
Proof. In this case Z ⊂ G x and so
Theorem 2.14 gives the result. The opposite case occurs when G = T, an unramified torus. Every genuine irrep π ofT is supercuspidal and generic. The space of Whittaker functionals Wh ψ (π) is the entire space π, since U is trivial. In this case, we find
Note that in the case G = T, W is trivial and the dimension of Wh ψ (π) agrees with the upper bound of (17).
Between these cases, we have an easy bound.
Proposition 2.20. Let Z • be the connected component of the center of G. Thus Z
• is an unramified torus, with cocharacter lattice Y W . Then we have,
Proof. The space Wh ψ (π) is naturally a genuine representation ofZ • . Since Wh ψ (π) is finite-dimensional, and all genuine representations of Z
• have the same dimension Zind(Z • ) (computed in [Wei09, §6]), the result follows.
To summarize, we have inclusions of lattices,
giving upper and lower bounds on dim Wh
Deligne-Lusztig representations
We maintain the notation of (x, ρ, τ ), with π x,τ being ψ-generic. Thus x is hyperspecial, andḠ x =M x is a reductive group over For w ∈ W , we write wT ′ for a corresponding maximal F q -torus in G ′ x ; its image inḠ x will be denoted wT . Note that wT ′ contains the centralḠ m of the residual extension. The F q -points of wT ′ can be described as
As sets, we identify the character and cocharacter lattices of wT with those ofT; the Frobenius action is twisted however by w, so we write Fr w (ξ) = w(Fr(ξ)) for all ξ ∈ X and Fr w (y) = w(Fr(y)) for all y ∈ Y . The normalization is chosen here so that for all x ∈ X, y ∈ Y , we have Fr w (x), Fr w (y) = x, y .
The Weyl group ofḠ x with respect to wT is similarly identified with W as sets, but the Frobenius action is twisted to become Fr w (w ′ ) = wFr(w ′ )w −1 for all w ′ ∈ W . We say that wT is minisotropic if it does not lie in any proper F qparabolic subgroup ofḠ x . The same definition applies to wT ′ , and minisotropic maximal tori correspond inḠ x andḠ ′ x . Given a minisotropic wT ′ , we are interested in characters of the F q -points,
We say that θ ′ is genuine if it restricts to the character ǫ ′ on F (1) The cuspidal irreps are isomorphic: ρ( Proposition 3.1. Suppose that wT ′ is minisotropic, θ ′ is genuine and in general position, and ρ = ρ(
whereχ y is the character in Corollary 2.17, restricted to wT .
Proof. This follows directly from Corollary 2.17, and the fact that if
This can be shown directly, e.g., by tracing the twist by χ through the character formula of [DL76, Theorem 4.2].
Since we have proven that dim Wh ψ (π x,τ ) = [Y W ⋊Fr : Y x,ρ ], the above proposition gives a tool to compute the dimension of the space of Whittaker functionals. This requires an analysis of when θ ′ is geometrically conjugate to character θ · (η ′ •χ y ). Geometric conjugacy is a bit easier to see on the dual side, via Lusztig parameters, and this should be closely related to the Langlands parameterization.
Lusztig parameters. Consider the previous setting, where
wT ′ is minisotropic, and θ ′ :
wT ′ → C × is genuine and in general position. Associated to this data, Deligne and Lusztig give a semisimple conjugacy class in a dual group, which we review here, following [DL76, §5] and [Lus09, §16] . In particular, Lusztig outlines a parameterization using the complex dual group, whereas the previous work of Deligne and Lusztig uses a dual group defined over F q . The complex dual group seems more relevant to the Langlands conjectures for covering groups of [Wei16c] .
Choose an isomorphism η :F × q ∼ − → (Q/Z) p ′ (the prime-to-p subgroup of Q/Z). The exponential map x → e 2πix gives an isomorphism from (Q/Z) p ′ to the group µ p ′ (C) of prime-to-p roots of unity in C.
Recall that ǫ : µ n (F q ) ֒→ C × has been chosen, and
For convenience, we assume η has been chosen compatibly with ǫ, in the sense that ǫ(x) = e 2πiη(x) for all x ∈ µ n (F q ).
As wT ′ fits into a short exact sequenceḠ m ֒→ wT ′ ։ wT , the cocharacter lattice of wT ′ fits into a short exact sequence 
The complex dual torus is defined by
, we may use the complex dual torus to parameterize characters of wT ′ . Begin with the pairing,
This gives a perfect pairing (see [DL76, Eqn. ( 
Applying the exponential map and η, one finds a perfect pairing,
This gives an isomorphism,
Following [DL76, Proposition 5.22], geometric conjugacy of characters corresponds to conjugacy in the dual group. If y ∈ Y W ⋊Fr , the character ǫ ′ •χ y can also be shifted to the side of the dual group. Recall that y gives an element
Viewing κ y as an element of X, define
Since κ y ∈ X Frw , and n | (q − 1), we find that
Proposition 3.4. Suppose that θ ′ :
wT ′ → C × is a genuine character in general position, and ρ = ρ(
Note here that we are multiplying θ ′∨ ∈ T ′∨ = X ′ ⊗ C × and ξ y ∈ T = X ⊗ C × . For this, we are applying the embedding X ֒→ X ′ dual to the projection Y ′ ։ Y .
Coverings of GL r
In this section, we will consider coverings of GL r . Our precise results indicate that the dimension of Wh ψ (π) varies as π varies, even within the class of genuine depth zero generic supercuspidal irreps of a fixed covering group. We hope that these dimensions can be predicted in a future theory of L-packets for covering groups, and this should be seen as a first step in this direction.
In [Blo92] , Blondel studied the Whittaker models of supercuspidal representations of the Kazhdan-Patterson covers of GL r . Fundamentally, our methods are similar to those of [Blo92] . But here we obtain more general formulae for Brylinski-Deligne covering groups, and by using Lusztig parameters, the computations become simpler. Weyl-invariant quadratic forms Q : Y → Z are uniquely determined by two integers: p = Q(e i ) (for all 1 ≤ i ≤ r) and q = B Q (e i , e j ) (for all 1 ≤ i < j ≤ r).
Note that
This number 2p−q determines the resulting central extension of SL r by K 2 , and therefore plays an important role in understanding the covers of GL r . That is, if 2p − q = 1, then the resulting central extension of SL r is Matsumoto's canonical extension. An easy computation yields
The number Q(e 0 ) determines the central extension of the center Z ⊂ G by K 2 , up to isomorphism. Note that, for every r ≥ 1, the pair of integers (Q(e 0 ), Q(α ∨ )) determines the pair (p, q), and vice versa. Below we highlight three classes of covers of GL r . 4.1.1. Determinantal coverings. Suppose that G ′ is an extension of G = GL r by K 2 , for which 2p − q = 0.
Then the pullback of the extension to SL r splits uniquely, SL ′ r = SL r × K 2 . It follows that G ′ can be realized canonically as the pullback of an extension of GL 1 via the determinant.
The isomorphism class of the extension GL 1 is determined by the single integer p. More concretely, the extension GL ′ 1 is isomorphic to the extension whose underlying sheaf of sets is GL 1 × K 2 , with multiplication given by
Thus the extension G ′ is isomorphic to the extension whose underlying sheaf of sets is GL r × K 2 , with multiplication given by
We call these extensions the determinantal coverings of GL r . All are defined over O.
The Kazhdan-Patterson coverings. Now suppose that G
′ is an extension of G = GL r by K 2 , for which 2p − q = −1.
Then the pullback of the extension to SL r is the opposite of Matsumoto's universal central extension, i.e., Q(α ∨ ) = −1 for every simple coroot (cf. [BD01, Proposition 4.15]). In this case, the n-fold covering groupsG are exactly those studied by Kazhdan-Patterson [KP84, §0.1]. The parameter p corresponds to the twisting parameter c in the notation of [KP84] . This family is the most widely studied among all Brylinski-Deligne extensions of GL r . When c = p = 0, the covering groupsG are also the focus of earlier works of [Fli80] , [GHPS79] , etc. The simplest construction of such an extension G ′ is the following: let f : GL r → SL r+1 be the block-diagonal embedding given by g → (g, det(g) −1 ). Let SL ′ r+1 be the (unique up to unique isomorphism) extension such that Q(α ∨ ) = −1 for any coroot α ∨ . Let G ′ be the pullback of SL ′ r+1 to GL r via f . Then the invariants of G ′ are easily computed: p = q = −1.
To construct the other Kazhdan-Patterson extensions, one may simply twist this covering by a suitable determinantal covering. Here twisting refers to the Baer sum of central extensions, which corresponds to addition of quadratic forms, and thus to addition of invariants (p, q). This constructs an O-model of every central extensions of GL r by K 2 . 4.1.3. Savin's nice coverings. Gordan Savin has recently (see [Sav] ) introduced a class of coverings of GL r which also can be considered in the Brylinski-Deligne category. He studies extensions K 2 ֒→ G ′ ։ G = GL r which have invariants p, q satisfying 2p − q = −2.
The simplest construction of such an extension G ′ is the following: let h : GL r → Sp 2r be the embedding of the Siegel Levi subgroup. Let Sp ′ 2r be the extension of Sp 2r by K 2 whose quadratic form Q satisfies Q(α ∨ ) = −1 for every short coroot. Let G ′ be the pullback of Sp ′ 2r via h. Then the invariants of G ′ are p = −1, q = 0. The resulting n-fold covering groupsG are particularly nice, because their restrictions to Levi subgroups are "block-commutative" -this is a consequence of the identity q = 0. All other extensions satisfying 2p − q = −2 can be obtained from this G ′ by twisting by a determinantal covering.
4.2. Generic depth zero supercuspidals. Let G ′ be an extension of G = GL r by K 2 with invariants p, q, defined over O. If n | (q − 1) as usual, we find an n-fold cover µ n ֒→G ։ G. This is obtained as the pushout of the full tame extension F × q ֒→ G ′ ։ G. We study the Whittaker functionals of ǫ-genuine generic depth zero supercuspidal irreps ofG, or equivalently, ǫ ′ -genuine irreps of G ′ . In the building of G = GL r (F ), all hyperspecial points are Gconjugate, and thus in the orbit of the hyperspecial point • arising from the usual O-model of GL r . Thus (up to isomorphism) every genuine depth zero generic supercuspidal irrep ofG has the form π •,τ , where τ is a genuine cuspidal irrep of N If θ is in general position, we obtain a genuine generic cuspidal irrep
• . This gives a family of genuine generic depth zero representations π τ , as τ ranges over irreps of N ′ • whose restriction contains ρ.
In this case, the dual torus T ∨ = X ⊗ C × can be identified with the diagonal complex matrices in GL r (C). We write f 1 , . . . , f r for the Z-basis of X dual to the basis e 1 , . . . , e r of Y . Define f 0 = f 1 + · · · + f r . We view the Lusztig parameter of θ as a diagonal complex matrix, For 1 ≤ i ≤ r, we compute κ e 0 (e i ) = B Q (e 0 , e i ) = 2p + (r − 1)q.
As shorthand, define m Q,r = 2p + (r − 1)q. Then we have, ξ e 0 = m Q,r f 0 ⊗ e 2πi/n = diag e 2πim Q,r /n , . . . , e 2πim Q,r /n ∈ T ∨ = X ⊗ C × .
Combining the results above, we find a concrete formula for the dimension of the space of Whittaker functionals. In particular, dim Wh ψ (π) divides n gcd(n, m Q,r ) .
This gives uniqueness of Whittaker models in some important cases, also found by Blondel [Blo92, §3.4(3)]. 4.4. Remarks on parameters. If one accepts a natural local Langlands parameterization for covering groups, as described in [Wei16c] , then the work of DeBacker and Reeder suggests that a depth zero supercuspidal representation of an unramified covering groupG should have a Weil parameter φ : W F →
LG . HereG ∨ ֒→
LG ։ Gal F denotes the L-group of the covering group. This parameter φ should send a topological generator of tame inertia to a regular semisimple element θ ∨ ∈G ∨ , and should send Frobenius to an element of LG acting on the torus via a Weyl element w ∨ . It is straightforward to adapt [DR09] to construct (θ ∨ , w ∨ ) from the Lusztig parameter described earlier, and thus give a conjectural parameter φ.
More difficult is the interpretation of dim Wh ψ (π) from the parameter φ. At a formal, computational level, dim Wh ψ (π) can be recovered from φ (when π is known to be generic). But it seems likely that a full understanding will require one to understand pure (or rigid) inner forms for covering groups. We leave such a deep study for a future paper.
